Bell inequalities have traditionally been used to demonstrate that quantum theory is nonlocal, in the sense that there exist correlations generated from composite quantum states that cannot be explained by means of local hidden variables. With the advent of device-independent quantum information protocols, Bell inequalities have gained an additional role as certificates of relevant quantum properties. In this work we consider the problem of designing Bell inequalities that are tailored to detect maximally entangled states. We introduce a class of Bell inequalities valid for an arbitrary number of measurements and results, derive analytically their tight classical, non-signalling and quantum bounds and prove that the latter is attained by maximally entangled states. Our inequalities can therefore find an application in device-independent protocols requiring maximally entangled states.
I. INTRODUCTION
Measurements on separated subsystems in a joint entangled state may display correlations that cannot be mimicked by local hidden variable (LHV) models. These correlations are termed nonlocal and are detected by violating Bell inequalities [1, 2] . In recent years it has become clear that non-locality is interesting not only for fundamental reasons, but also as a resource for deviceindependent (DI) quantum information tasks [2] such as quantum key distribution [3, 4] or random number generation [5, 6] . Thus, violations of Bell inequalities are not only indicators of non-locality, but can also be used to make qualitative and quantitative statements about operationally relevant quantum properties.
Traditionally, the problem of constructing Bell inequalities has been addressed from the point of view of deriving constraints satisfied by LHV models. Following this standard approach, the inequalities are derived using wellknown techniques in convex geometry. Indeed, the set of correlations admitting LHV models defines a polytope [2] , i.e., a bounded convex set with a finite number of vertices. These vertices correspond to local deterministic assignments, while the facets are the desired Bell inequalities. Facet (or tight) Bell inequalities provide necessary and sufficient criteria to detect the non-locality of given correlations. Clauser-Horne-Shimony-Holt (CHSH) [7] and Collins-Gisin-Linden-Massar-Popescu (CGLMP) [8] Bell inequalities are examples thereof.
Although such facet Bell inequalities are optimal detectors of non-locality, they are not necessarily optimal for inferring specific quantum properties in the DI setting. For instance, in a scenario where two binary measurements are performed on two entangled subsystems, it is well known that the violation of the CHSH inequality [7] is a necessary and sufficient condition for non-locality.
But certain "non-facet" Bell inequalities are better certificates of randomness than the CHSH one when the two quantum systems are partially entangled [9] .
The main aim of this work is to introduce Bell inequalities valid for an arbitrary number of measurements and outcomes whose maximal quantum violation, usually referred to as the Tsirelson bound [10] , is attained by maximally entangled states
This is a desirable property since these states have particular features such as perfect correlations between outcomes of local measurements in the same bases, and therefore many quantum information protocols rely on them. In the particular case of two measurements CHSH is the simplest example of a Bell inequality with the above property, but others are known [11] [12] [13] (see also results for many settings [14] [15] [16] ). Our construction works, however, for arbitrary numbers of measurements and outcomes, and, crucially, the Tsirelson bound of the resulting Bell inequalities can be computed analytically.
In the case where only two measurements are made on each subsystem, all facet Bell inequalities are known for a small number of outputs and they are of the CGLMP form [8] . However, they are not maximally violated by the maximally entangled states of two qudits (except in the case d = 2 corresponding to the CHSH inequality) [17] [18] [19] . Thus, we should not expect our Bell inequalities to be tight, and indeed they are not.
This implies that we cannot use standard tools from convex geometry to construct them. In fact, no quantum property is used for the construction of tight Bell inequalities like the CGLMP one and, in this sense, it is not surprising that their maximal violation does not require maximal entanglement. Our approach is completely different: it starts from quantum theory and exploits the symmetries and perfect correlations of maximally entangled states to derive a Bell inequality (cf. Ref. [16] for a similar method). It exploits sum of squares decompositions of Bell operators, which is used to determine their Tsirelson bound. Thus, contrary to any previous derivation of Bell inequalities, quantum theory becomes a key ingredient of our method.
Our results provide new insight into the structure of the boundary of the set of quantum correlations (see discussion in Appendix H). In addition, our Bell inequalities have the potential to be used in DI quantum information protocols such as random number generation, quantum key distribution or to self-testing [20] (see more detailed discussion in Section V).
II. PRELIMINARIES
We consider a Bell scenario with two distant parties A and B performing one of m measurements A x and B y with d outcomes on their share of some physical system. We label the measurements and outcomes as x, y ∈ {1, . . . , m} and a, b ∈ {0, . . . , d − 1}. The correlations obtained in this experiment are described by (md) 2 joint probabilities P (A x = a, B y = b) that A and B obtain a and b upon performing the xth and yth measurement, respectively. These probabilities are ordered into a vector p :
Importantly, the set of allowed vectors p varies depending on the physical principle they obey. If the measurements define spacelike separated events, the observed correlations should obey the no-signalling principle, which prevents any faster-than-light communication among the parties. These correlations form a convex polytope denoted N . Contained in this set is the set of quantum correlations Q which is formed by those p whose components can be written as
b |ψ , where |ψ is some state in a product Hilbert space H A ⊗ H B of unconstrained dimension, and {P b } are projection operators defining, respectively, Alice's and Bob's measurements. Finally, the set of correlations admitting LHV models, denoted L, contains those p that can be written as a convex sum of product deterministic correlations P (A x = a, B y = b) = P (A x = a)P (B y = b) with P (A x = a), P (B y = b) = 0, 1 for all x, y [21] .
Bell was the first to prove that not all quantum correlations admit an LHV model [1] . To this end, he used the concept of a Bell inequality I ≤ C b , where I is the so-called Bell expression that is a linear combination of the (md) 2 joint probabilities of the form
and C b = max p∈L I is its classical bound. The quantum or Tsirelson bound of I is the maximum value Q b = max p∈Q I that it can achieve for quantum correlations. A Bell expression I gives rise to a proper Bell inequality-one that is violated by quantum theory-if C b < Q b . If p violates a Bell inequality, the correlations described by p are termed nonlocal. Finally, one defines N S b = max p∈N I as the maximum value of I over no-signalling correlations. For most of the known Bell inequalities N S b > Q b > C b [1, 22, 23] . Let us stress that although Q is convex, it is not a polytope. More importantly, the boundary of Q remains unknown despite several attempts to characterize it analytically [24] [25] [26] [27] (see, nevertheless, [28] ). This clearly makes the derivation of Tsirelson bounds a hard task. Given a Bell inequality, there is no procedure that guarantees finding its quantum bound, and it was achieved analytically only in a handful of cases. There is, however, a practical approximation scheme based on semidefinite programming, which consists in a hierarchy of sets
. . converging to Q as k → ∞, and allows one to bound Q b from above [19] (see also [11] ). Although for small Bell scenarios this method yields good numerical bounds (often tight), it becomes computationally expensive for scenarios involving a large number of measurements or outcomes.
III. CLASS OF BELL EXPRESSIONS
Our aim now is to introduce a family of Bell expressions, whose maximal quantum value is attained by the two-qudit maximally entangled state |ψ + d . To derive them, we start from the premise that their maximal quantum values are obtained when Alice and Bob perform the optimal CGLMP measurements introduced in [8, 29, 30] (cf. Appendix A). This choice stems from the fact that these measurements generalize the CHSH measurements (d = 2) to arbitrary dimensions and they lead to non-local correlations that are most robust to noise [29] or for m = 2 give a stronger statistical test [31] .
The probabilities P (A x = a, B y = b) obtained when using the optimal CGLMP measurements on |ψ + d have several symmetries. For instance, they only depend on the difference a − b = k mod d. If we impose that our Bell expressions respect this symmetry, the probabilities P (A x = j + k mod d, B y = j) should be treated equally for all j, i.e., the Bell expressions should be linear combinations of
Taking into account all symmetries, a generic form for our Bell expressions is
where
with A m+1 := A 1 + 1. The parameters α k and β k are our degrees of freedom. Taking, e.g., α k = β k = 1−2k/(d−1) for m = 2, one recovers the CGLMP Bell inequalities.
To exploit the symmetries inherent in Bell inequalities, we often write them in terms of correlators instead of probabilities. As we consider an arbitrary number of outcomes, we appeal to the notion of generalized correlators (see, e.g., Ref. [15] and Ref. [32] for other options). These are complex numbers that are defined through the two-dimensional Fourier transform of the probabilities P (A x = a, B y = b):
where in the state |ψ . Note that they are unitary, their eigenvalues are the roots of unity, and they satisfy (A
for any k, l. Now, exploiting (4), expression (3) can be rewritten as
where, for clarity, the change of variablesB
m . For simplicity, in (5) we ignored the irrelevant scalar term corresponding to l = 0 and rescaled the expression. Below we denote the classical, quantum and no-signaling bound of I d,m by C b , Q b and N S b , respectively.
Our aim now is to fix the free parameters α k and β k according to the quantum property we need: maximal violation by the maximally entangled state |ψ + d . At this point, it is instructive to look at the specific example of the CHSH Bell expression (m = 2, d = 2). In the notation (5) the CHSH Bell expression
Then, for the optimal measurements leading to the Tsirelson bound of I 2,2 , we haveB 1 = A * 1 andB 2 = A * 2 . This reflects the property that for the maximally entangled state
This condition implies that a measurement by Alice is perfectly correlated with its complex conjugate by Bob. Our intuition to derive Bell inequalities detecting maximal entanglement is to impose this property for any m and d: we choose the parameters α k and β k such that
hold for l = 1, . . . , d − 1 and i = 1, . . . , m with the initial operators {P (x) a } and {P (y) b } being the optimal CGLMP operators. Conditions (7) give rise to a set of linear equations for α k and β k which yields (see Appendix B for details)
with g(x) := cot(π(x + 1/2m)/d).
To sum up, our class of Bell expressions is given by I d,m (3) or equivalently by I d,m (5), with coefficients (8) and (9) . We arrived at it by writing the most general Bell expression satisfying the symmetry of CGLMP correlations, re-writing these Bell expressions in the simple form (5) through a change of variable on Bob's side, and then imposing the conditions (7) that take into account the symmetries of the maximally entangled state, as CHSH does for two binary measurements.
IV. PROPERTIES OF THE NOVEL BELL EXPRESSIONS
We now analyze the main properties of our Bell expressions: we compute all the relevant bounds C b , Q b , N S b , and show that C b < Q b < N S b for any d and m. For clarity we only include sketches of proofs (see Appendices C, D and E for details).
Let us begin with the classical bound.
Proof. We start with the expression I d,m . Since we can restrict the problem to local deterministic strategies, finding C b becomes a question of distributing 0s and 1s over all the terms P (A x = B y + z). It turns out that the optimal strategy is to set 2m − 1 of the terms multiplied by α 0 and a single term multiplied by β 0 to one, and the remaining terms to zero. Proof. We construct a sum-of-squares (SOS) decomposition of the shifted Bell operator B := Q b 1 − B, where 1 is the identity operator and B the Bell operator corresponding to expression (5) (see, e.g., [33, 34] ). For any positive semidefinite operator P, an SOS decomposition is a collection of operators P λ such that P = λ P † λ P λ . If B admits the latter form it must be positive semidefinite, implying that Q b upper bounds our Bell expression, i.e., ψ|B|ψ ≤ Q b for any |ψ .
To show that Q b = m(d − 1) is indeed the Tsirelson bound of I d,m , we prove that Q b 1 − B decomposes as
where A few remarks are in order. First, it is not difficult to see that Q b > C b for any m, d ≥ 2, meaning that all our Bell inequalities are nontrivial (cf. Appendix F). Second, let us elaborate on how the SOS works in the case of two measurements, m = 2, which justifies the choice of conditions (7). For m = 2, the second part of the SOS decomposition (10) vanishes. For the optimal CGLMP measurements both sides of (10) must yield zero when applied to |ψ + d , which stems from conditions (6) and (7) . This allows one to grasp the intuition behind conditions (7), i.e., they allow one to construct in a quite direct way an SOS decomposition (10) , in which all operators P ik are polynomials of the measurement operators A k i and B k i of order one, significantly facilitating the computation of the Tsirelson bound. For the CHSH Bell inequality, one observes the same effect, as these same properties of the optimal state and measurements allow the Bell operator
generalizes this quantum aspect of the CHSH Bell operator. For larger number of measurements, m > 2, the first part of the SOS decomposition is not enough and one has to add "by hand" the extra term in which all T ik 's are also of order one in B k i . Note that for two measurements, our Bell expressions coincide with those introduced in [12] and then rederived in [11] using a different approach. Moreover, the Tsirelson bounds of these Bell inequalities was computed in Refs. [11, 13] exploiting other techniques, and it was proven in [13] that they are not tight. On the other hand, for d = 2 and any m, our class recovers the well-known chained Bell inequalities [35] . We finally notice that the At the maximal violation 4, the fidelity is equal to 1, meaning that the quantum state used in the Bell experiment must be maximally entangled. The numerical method that we used does not yield a positive lower bound on the fidelity below I3,2 ≈ 3.79 (for comparison, the classical bound is I3,2
alternative generalization of the CHSH Bell inequality to three measurements and outcomes given in [36] was also found to be maximally violated by |ψ + 3 [15] . Let us eventually compute the no-signalling bound of our Bell expressions. 
V. APPLICATIONS TO DEVICE-INDEPENDENT PROTOCOLS
A natural application for our Bell inequalities is selftesting-a DI protocol in which a state and measurements performed on it are certified up to local isometries, based on the nonlocal correlations they produce. To perform self-testing, the correlations p maximally violating the given Bell inequality must be unique, i.e., attained, up to local isometries, by certain state and measurements. This is generally hard to prove. There exists, however, a numerical method for self-testing [37] . We applied it to the simplest case m = 2 and d = 3, and the results are plotted in Figure 1 . It shows that one can self-test the maximally entangled state of two qutrits |ψ
3 with our inequalities. An open question is whether one can generalize this result to any dimension. Our inequalities could then be applied in DI random number generation protocols [5, 6, 38] . Indeed, if p maximally violating I d,m is unique, one can apply the method of [39] and use the symmetries of the Bell expressions to guarantee a dit of perfect randomness. This, by increasing the dimension d, would result in unbounded randomness expansion.
Our inequalities could also find applications in DI quantum key distribution. An advantage that our inequalities have over CGLMP in that scenario [40] is that, as said before, the maximal violation is obtained for the maximally entangled state. This state can produce perfect correlations between the users, which reduces the error-correcting phase of the protocol and can lead to better key generation rates. We study this question in Appendix G. Numerically, we find that for m = 2 and d = 3, our inequalities lead to higher key rates than CGLMP for levels of white noise up to 4.2 percent. While this advantage is not very large, we believe it grows with the dimension of the systems, at least in the noiseless case [18] . Moreover, it is known that maximally entangled states are much simpler to prepare experimentally than fine-tuned partially entangled states. It would be interesting to confirm these conjectures in a future work focused on DIQKD.
VI. CONCLUSIONS
In this work, we introduced a new technique allowing to construct Bell inequalities with arbitrary numbers of measurements and outcomes that are maximally violated by the maximally entangled states. It exploits the SOS decompositions of Bell operators and, crucially, allows one to compute analytically their Tsirelson bounds. Our results are general as, unlike previous works, we do not consider a particular Bell scenario, but allow for arbitrary number of measurements m and outcomes d. Our inequalities can be seen as the "quantum" or the DI-oriented generalization of CHSH Bell inequality, in the same spirit as the CGLMP inequality generalizes the CHSH one classically. We present here the "optimal CGLMP measurements" first introduced in [29] and generalized to an arbitrary number of inputs in [30] , as we use them throughout our work. They are defined as follows
and F is the d × d discrete Fourier transform matrix given by
Then, U x and V x are unitary operations defining Alice's and Bob's measurements and read explicitly
with the phases θ x = (x − 1/2)/m and ζ y = y/m for x, y = 1, . . . , m. When applying these measurements on a normalised state of the form |ψ = d−1 q=0 γ q |qq , we obtain the probabilities
One can observe that this depends only on the difference k = a − b and not on a and b separately. This means that:
Thus, all the terms P (A x = B y + k) computed for those measurements and state have identical subterms P (A x = b + k, B y = b). Moreover, using the values of the phases θ x and ζ y , one can verify straightforwardly that expression (A4) has the same value if x = y and a − b = k, and if x = y + 1 and a − b = −k. Thus :
for i = 1, . . . , m. Note that if one wishes to write A m+1 = A 1 , the symmetry is not valid anymore and requires the definition A m+1 = A 1 + 1, which we adopt. To sum up, all the P k and Q k from our class of inequalities have identical subterms for those state and optimal CGLMP measurements (in particular the state can be the maximally entangled state). These symmetries justify the form of our Bell expressions: terms who have the same value appear with the same coefficient α k or β k , thus forming "blocks". Different blocks have different values and are multiplied by different coefficients.
Appendix B: Derivation of coefficients α k and β k
We present the details on the derivation of coefficients α k and β k whose value is stated in Section III of the main text. The departure point of the determination of α k and β k is the set of matrix conditions
with i = 1, . . . , m, and l = 1, . . . , d/2 . This number d/2 of equations stems from the fact that
Recall that the barred quantitiesB l i are defined as
, and the numbers a l are given by
Notice that a l = a * d−l . Let us notice in passing that the properties (B2) and (B3) imply that the Bell expression we consider, i.e.,
is real. This is because the sum in (B6) can be split into two sums: for l = 1, . . . 
Then, one combines these formulas with equations (B4) and (B1), and compares the matrix elements, which yields the following system of equations
with i = 1, . . . , m and l = 1, . . . , d/2 , where it is assumed that ζ 0 = 0. Simple algebra implies finally that
Having determined a l , one can turn to the system (B5). It consists of d/2 equations containing 2 d/2 variables, meaning that it cannot be uniquely solved, and, in particular, the solutions will be generally complex. To handle the latter problem we equip this system with d/2 additional equations
for l = 1, . . . , d/2 . Now, both systems (B5) and (B11) can be condensed into the following single one
in which c l = a l for l = 1, . . . , d/2 and c l = c * −l for l = − d/2 , . . . , −1. In what follows we solve (B11) for even and odd d separately.
a. Odd d. We begin by noting that in this case, the system (B12) consists of d − 1 equations and involves the same number of variables, and therefore one expects it to have a unique solution. To find it, we denote the set I := {−(d − 1)/2, . . . , −1, 1, . . . , (d − 1)/2} and note that for any pair k, n ∈ {0, . . . , d/2 − 1}, the following identity holds:
We then multiply (B12) by ω nl for some n ∈ {0, . . . , d/2 − 1} and add the resulting equations over l ∈ I, which by virtue of Eq. (B13) gives
where we have denoted
The coefficients β n can be determined in an analogous way and we obtain:
To fully determine α n and β n , it is in fact enough to compute the sum in Eq. (B14) as the second one and S can be obtained from it by replacing n by −(n + 1) and d/2 , respectively. To compute this sum, we first express it as
where we have denoted ξ = n + 1/2m. Using the Euler representations of the cosine and sine functions the above two sums can be easily computed and they read
Introducing them into Eq. (B17) and with the aid of some trigonometric formulas, one obtains
By replacing n with −(n + 1) in the above formula we then arrive at the expression for the sum in Eq. (B16), that is,
Finally, setting n = d/2 = (d − 1)/2 in Eq. (B20) one obtains a formula for S:
Substituting Eqs. (B20), (B21), and (B22) into Eqs. (B14) and (B16), we eventually obtain the coefficients α n and β n in the following form
and
with n = 1, . . . , d/2 . As in the main text, the coefficients can be expressed using the function g(x) := cot( Denoting I e = {−(d−1)/2, . . . , −1, 1, . . . , d/2} and following the same methodology as above with the set I replaced by I e one arrives at α n and β n given by
where S is given by the same formula as in Eq. (B15). Here, the quantity S (or, equivalently, one of the variables α n or β n ) cannot be uniquely determined. We fix it in such a way that the resulting α n and β n are given by the same formulas as those in the odd d case, that is,
As a consequence the coefficients α n and β n are given by Eqs. (B23) and (B24), both in the odd and even d cases.
It is finally worth mentioning that the values of the two Bell expressions-in terms of probabilities I d,m and in terms of generalized correlators I d,m -are related in the following way:
where S is given by equation (B22). c. Special cases. Let us now consider two special cases of d = 2 and any m, and m = 2 and any d. In the first one, the Bell expression in the probability form simplifies to
Moreover, there is a unique coefficient a 1 and it simplifies to 1/[2 cos(π/2m)], so that in the correlator form our Bell expression for d = 2 becomes respectively. This is the well-known chained Bell inequality [35] , which was recently used in Ref. [41] to self-test the maximally entangled state of two qubits and the corresponding measurements. In the second case, i.e., that of m = 2 and any d, the Bell expression I d,2 in the probability form is given by Eq.
with the expressions P k and Q k simplifying to
where we have exploited the convention that A 3 = A 1 + 1. Then, the coefficients α k and β k are given by
On the other hand, in the correlator form one obtains
In this case Theorems 1, 2, and 3 give
It should be noticed that this Bell inequality previously studied in Refs. [12] and [11] , and, in particular in Refs. [11] and [13] the maximal quantum violation was found using two different methods.
Appendix C: Classical bound of the inequalities
We present here a detailed proof of Theorem 1 from the main text. Let us start with our Bell expression in the probability form I d,m and note that we can rewrite it as:
with A m+1 = A 1 + 1. This is possible because of the form (B23) and (B24) of coefficients α k and β k . Indeed, since α k = −β d−k−1 , the terms of the sum which were attached to the β k coefficients can be shifted to indices k = d/2 , . . . , d − 1 and now associated to an α k . In the odd case, we should in principle impose that the term k = d/2 disappears, but it happens naturally since α d/2 = 0. As stated in the main text, finding the classical bound of expression (C1) reduces to computing the optimal deterministic strategy. Thus, to describe the difference between the outcomes associated to A x and B y , we can assign one value q such that P (A x = B y + k) = δ kq . As q depends on inputs x and y but not all pairs of A x and B y appear in the Bell expression, we thus define 2m variables q i ∈ {0, 1 . . . , d − 1} such that:
. . .
Due to the chained character of these equations, q 2m must obey a superselection rule involving the other q i 's, which is
where the sum is modulo d. Due to the fact that the dependence of the coefficients α k on k is only through the cotangent function, proving Theorem 1 boils down to the following maximization problem. 
Notice that to recover the exact expression C b from the main text, one needs to reintroduce the constant factors appearing in the definition of α k and use Eq. (B28). To prove the theorem, we first demonstrate two lemmas. Note that throughout this section, we assume that m ≥ 2 and d ≥ 2. Although these are not tight conditions to prove our results, they are in any case satisfied by the definition of a Bell test.
Proof. Let us consider the function f (z) := z cot z, which is strictly decreasing in the interval 0 < z < π. This can be shown for instance by noting that f is holomorphic and by studying the sign of the coefficients of its Laurent series in a ball of radius π centered at z = 0. Thus, for every c ∈ (0, π), f (c) > f (z) for all c < z < π. In particular, we can pick c := π 2dm (1 + 2mx) so that: 
Lemma 2. For integer indices k, l, p such that 0 < k, l < d and 0 ≤ p < d, we have:
Proof. Because all the alphas are orderedα 0 >α 1 >α 2 > · · · >α d−1 , we have thatα 0 +α p ≥α 0 +α d−1 and α 1 +α 1 ≥α k +α l . Hence, it suffices to prove that
Let us rewrite this inequality using the function g introduced in Lemma 1. To this end, we note that the symmetry of the function cot(x) = − cot(−x) translates to g(x) in the following manner : g(x) = −g(−x − 1/m). Thus, in order to prove (C9), we need to show:
Using Lemma 1 twice, we can express that:
To obtain the second inequality, one of the 2m−1 terms was isolated, and Lemma 1 was applied only on the remaining 2(m − 1) terms. The minimum of 2(m − 1)(1 + 2m)/(2m − 1) is found for m = 2 and it is equal to 10/3. Since g (1) is positive, and 10/3 > 2, we can conclude that g(0) > g(1 − 1/m) + 2g (1), which is exactly relation (C10).
Proof of Theorem 1. To demonstrate the theorem, we employ a dynamic programming procedure which allows us to rewrite Eq. (C4) as a chain of maximizations, each over a single variable. Let us first define
where the indices are taken to be modulo d. As a direct consequence of Lemma 2, h(x) =α 0 +α −1−x . Indeed, the lemma implies thatα 0 +α −1−x >α y +α −1−x−y if y > 0 and
For the cases where y = 0 or x = d − 1 − y, the maximum is directly attained. This allows us to write the classical bound as:
Using the properties of h, we find that
for all k. By applying this step 2(m − 1) times to expression (C13), we obtain:
Appendix D: Tsirelson bound of the inequalities
Here, we present more details on the SOS decomposition of any Bell operator corresponding to our new Bell inequality I d,m , thus complementing the proof of Theorem 2 from the main text. Concretely, we show that the identity
is valid independently of the choice of A k i and B k i . The operators are thus not specified. Here,
, and
where the coefficients µ ik , ν ik and τ ik are given by
for i = 1, . . . , m − 3 and k = 1, . . . , d − 1, while for i = m − 2 and k = 1, . . . , d − 1 they are given by
Now, in order to check the validity of the SOS decomposition (D1) let us first introduce the explicit form of P ik into the first term of the right-hand side of (D1), which gives
where we have used the fact that the Bell operator B is Hermitian. Let us then introduce the explicit form of the operators T ik into the last term of the right-hand side of (D1), which, after some simple algebra, leads us to
Now, it follows from Eqs. (D3) and (D4) that µ * i,k τ i,k + µ * i+1,k ν i+1,k = 0 for i = 1, . . . , m − 3 and k = 1, . . . , d − 1, which means that the fourth and fifth lines in the above vanish. Then, one notices that µ * 
By substituting Eqs. (D5) and (D7) into Eq. (D1) and exploiting the explicit form of the operatorsB
It is easy to finally realize that the last two terms in the above formula amount to (1/2)
, which completes the proof.
Appendix E: No-signalling bound of the inequalities
Here, we present details on the proof of Theorem 3 from the main text. As for the section on the classical bound of our inequalities, we start from the Bell expression written as:
with A m+1 = A 1 + 1. Following considerations from that section, it is clear that the coefficient α 0 is the largest of the sum. Thus, the algebraic bound of I d,m is then 2mα 0 . To complete the proof, we provide a no-signalling behaviour that reaches this bound. Let us recall the no-signalling conditions for a probability distribution:
which express that the marginals on Alice's side do not depend on Bob's input, and conversely. The behaviour that we present is the following. For inputs x and y such that x = y or x = y + 1:
There is a special case for x = 1 and y = m:
where the addition is modulo d. For all the other input combinations (i.e. the ones not appearing in the inequalities), we have:
One can easily verify that this distribution satisfies conditions (E2). To obtain the expression from Theorem 3, it suffices to write explicitly 2mα 0 and to use relation (B28).
Here, we study the asymptotic behaviour of the bounds of our Bell expressions for large numbers of inputs m and outputs d. This can be of interest when studying applications in device-independent protocols, for instance. We also show that for any values of m and d, the classical bound is strictly smaller than the quantum bound, which is strictly smaller than the no-signalling bound. This ensures in particular that the Bell inequality is never trivial.
Let us start with the quantity:
which is the ratio between the quantum and classical bounds. We also consider the ratio between the no-signalling and quantum bounds, which is:
To observe the behaviour of these quantities for high number of inputs m and outputs d, we can use the Taylor series expansion in two variables, 1/m and 1/d, and keep the dominant terms. We obtain:
Thus, when the parameters m and d are of the same order and both very large, i.e. m = Θ(d), both ratios tend to 1. It is interesting to consider how fast the bounds tend towards each other: since the ratio between the no-signalling and quantum bounds lacks a term in 1/m, it is clear that the quantum bound approaches the no-signalling bound faster than the classical bound approaches the quantum bound.
If we fix the number of outputs d and consider the limit of a large number of inputs m, the ratios still tend to 1. However, if we fix m and considers the limit of large d, both ratios tend to constants which are a bit bigger than 1. They are :
It is worth mentioning that both functions of m appearing on the right-hand sides of the above formulas attain their maxima for m = 2 which are 4/π and 3π/8, respectively. To give the reader more insight, we present in Tables I and  II the numerical values of these ratios for low values of m and d. Now, let us show that these ratios are strictly larger than 1 for any value of m and d consistent with a Bell scenario.
Lemma 3. For any m, d ≥ 2, the quantum bound of I d,m is strictly larger than the classical one, that is,
Proof. We prove that Q b − C b > 0, which is equivalent to (F7) since both bounds are larger than 0. This inequality can be written as:
If we define a = 1/d and x = π/2m, it becomes:
for 0 < a ≤ 1/2 and 0 < x ≤ π/4. Since the first term is positive for these intervals, it suffices to show that
Clearly, u(a, x) ≥ min a (u(a, x) ). This minimum corresponds to the limit a → 0, since the derivative ∂u(a, x)/∂a of u(a, x) with respect to a is strictly positive on the considered intervals of a and x. Indeed, it holds that
which can be rewritten as
Now, due to the fact that y > sin y for 0 < y ≤ π/8, one has that 2ax > sin(2ax) for 0 < a ≤ 1/2 and 0 < x ≤ π/4, and therefore the right-hand side of Eq. (F12) is strictly positive within the above intervals. Now, computing the limit of u(a, x) when a → 0, one obtains
It can be verified straightforwardly that this expression is strictly positive in the interval 0 < x ≤ π/4, by comparing the two functions π cot(x) and π x −1, and noticing that the former upper bounds the latter in the interval 0 < x ≤ π/4. Indeed, at x = π/4, we have that π cot(π/4) > 3, and in this interval, both their derivatives are negative, with the derivative of the first function smaller than the derivative of the second one. Thus, u(a, x) > 0.
Lemma 4. For any m, d ≥ 2, the no-signalling bound ofĨ d,m is strictly larger than the quantum one, that is,
Proof. Writing the inequality explicitely as in (F2), it follows that it is enough to show that tan(π/2m) cot(π/2dm) > d. Let us prove a slightly simpler inequality:
To this end, we show that tan(ax) > a tan(x) for any 0 < x ≤ π/2a and any integer a ≥ 2. We notice that for x = 0, tan(0) = a tan(0), and that [tan(ax)] ≥ [a tan(x)] ≥ 0, meaning that both tan(ax) and a tan(x) are monotonically increasing functions and that the former grows faster than the latter. The inequality for the derivatives holds true because cos(x) is a monotonically decreasing function for 0 ≤ x ≤ π/2a which implies that cos(x) ≥ cos(ax).
To complete the proof we note that tan(π/2m) = tan[d(π/2dm)] and using x = π/2dm and a = d, one can exploit the above inequality to obtain Eq. (F15). This finally implies Eq. (F14). Appendix G: Device-independent quantum key distribution
We clarify here our claim that using the maximally entangled state in DI quantum key distribution can lead to better key generation rates, and illustrate it with a simple example. This example shows a case where our inequalities can be more useful than the CGLMP inequalities, despite their lower resistance to noise. We leave out a more general analysis of the key generation rates to a work focused on DIQKD.
We consider the class of protocols studied for instance in [42] . As explained there, the first step of the protocol consists of Alice and Bob making measurements on the copies of bipartite quantum systems that are distributed to them. For a number of rounds N , their inputs are set to fixed values, x = x * and y = y * , and the outcomes they obtain constitute their two versions of the raw key a = (a 1 , a 2 , · · · , a N ) and b = (b 1 , b 2 , · · · , b N ). For a small number of rounds, which can be taken for instance as N est = √ N , the inputs are chosen uniformly at random, and the outputs are used to estimate the degree of nonlocality of their correlations, for instance through the violation of a Bell inequality. Note that the type of the rounds is not predetermined, so that an eavesdropper cannot know if a given round will be a key generation round or a Bell inequality violation round. The next steps of the protocol are classical, with an error-correcting stage, where Alice publishes a message about a which is used by Bob to correct his errors so that they possess the same secret key at the end.
As stated in [42] , the length of this secret key is lower bounded by H min ( a|E) − N pub , i.e. the min-entropy of Alice's raw key a conditioned on an eavesdropper's information, minus the length of the message published by Alice in the error-correcting step. The idea behind our claim is that if Alice and Bob have perfect correlations, the term N pub amounts to 0 and leads to a longer secret key. For simplicity, we work in an ideal case (no finite size corrections) and the quantity we study is the asymptotic key generation rate K, which can be lower bounded by
The first term corresponds to the guessing probability since H min (A x * |E) = −log d P guess (a|x * ) and can be bounded numerically using the Navascués-Pironio-Acín (NPA) hierarchy [19] , based on the violation of a Bell inequality. The second term is the conditional Shannon entropy defined as H(A x * |B y * ) = a,b −P (ab|x * y * )log d P (a|bx * y * ). Thus, the more the outcomes of Alice and Bob are correlated for the settings x * and y * , the smaller this second term is. Let us consider an example, for the simple scenario of m = 2 and d = 3. Alice and Bob test the violation of a Bell inequality (CGLMP or ours, I 3,2 ) to certify the security of their outcomes. The guessing probability in both cases is found to be equal to 1/3 at the maximal violation. To generate the key, Alice uses her first setting A 1 and Bob a third measurement B 3 which is chosen to be the same as A 1 (defined in expression (A1)). For our inequality, in the optimal case, this leads to H(A 1 |B 3 ) = 0, since the state is the maximally entangled state and the correlations are thus perfect. For CGLMP, H(A 1 |B 3 ) = 0.0618 since the optimal state is |ψ γ = |00 +γ|11 +|22 √ 2+γ 2 , with γ = ( √ 11 − √ 3)/2 as found in [17, 37] . A numerical optimization on the measurement B 3 shows that the best choice to minimize H(A 1 |B 3 ) is indeed to set B 3 to be the same as A 1 . Thus, in the ideal case where the maximal violation is observed, we have
i.e. our inequality guarantees a key rate of 1 trit, while CGLMP guarantees a key rate of 0.9382 trits. Let us now consider the effect of white noise on this example. The noise is described by parameter η, and affects the optimal state |ψ as:
which leads to a non-maximal violation of the Bell inequality. The results are shown in Figure 2 . Up until a noise level of η ≈ 0.0428, i.e. 4.3 percent, our inequality leads to a higher key rate than CGLMP. Around η ≈ 0.102, the key rate has fallen to 0 for both inequalities. Note that our bounds on the guessing probability were obtained numerically, thus this method is limited to simple scenarios. Proving such bounds analytically remains an open question, both for CGLMP and for our inequalities. Nevertheless, we can make some conjectures about the general case.
In particular, when the maximal violation is observed without any noise, we expect that the eavesdropper does not possess any information, i.e. H min (A x * |E) = 1. This conjecture allows us to connect the key rate to the quantum 
One can easily compute the mutual information for the case when projective measurements are applied on a bipartite pure state |ψ AB . It is straightforward to see that the mutual information is upper bounded by the entanglement entropy of the state, I(A : B) ≤ E(|ψ AB ). For a state ρ AB = |ψ AB ψ AB |, the entropy of entanglement [43] is defined as E(|ψ AB ) = −Tr(ρ A logρ A ) = −Tr(ρ B logρ B ),
with the reduced density matrices ρ A = Tr B (ρ AB ) and ρ B = Tr A (ρ AB ) (here we use logarithm to base d). The bound is tight, i.e. I(A : B) = E(|ψ AB ), when the measurements are performed in the Schmidt basis of the state, which corresponds to the best possible choice of measurements x * , y * to generate a secret key, given that state. Note that implementing these Schmidt basis measurements in the protocol may not be possible, depending on the Bell inequality used and its own optimal measurements.
In [18] , the authors investigated numerically the states that maximally violate the CGLMP inequalities, and they found that their entanglement entropy decreases as a function of d. On the other hand, the entanglement entropy of the maximally entangled state is equal to 1 and independent of the dimension. Since this quantity upper bounds the mutual information, these results indicate that the key rate for η = 0 would decrease monotonically with d for the CGLMP states, while our key rate would remain equal to 1. In conclusion, we can conjecture in the noiseless case that the advantage of our inequality over CGLMP grows with the dimension of the systems used for DIQKD.
Appendix H: Structure of the set of quantum correlations
We discuss in this section an aspect of our results that is linked to the fundamental question of the study of the set of quantum correlations. In particular, our results allow us to gain insight into the structure of the boundary of this set. Indeed, a feature of our inequalities worth highlighting is that their Tsirelson bound corresponds to the bound obtained using the NPA hierarchy at the first level Q 1 . This is a rare property, which has been previously observed only for XOR games (see, e.g., [44] ) and follows from our SOS decomposition (see Eq. (D1)). Indeed, the degree of an optimal SOS decomposition for a Bell operator is directly linked to the level of the NPA hierarchy at which the quantum bound is obtained [45] . An SOS of degree one, as in our case, corresponds to the first level Q 1 .
This means that the boundaries of the sets Q and Q 1 intersect at the maximal violation of our inequalities. This observation along with the results of Ref. [11] seem to suggest that the boundaries of Q and Q 1 intersect at points that
